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Quantum discord, an information-theoretic quantum correlation measure, can satisfy as well as
violate monogamy, for three-party quantum states. We quantify the feature using the concept of
discord monogamy score. We find a necessary condition of a vanishing discord monogamy score for
arbitrary three-party states. A necessary and sufficient condition is obtained for pure states. We
prove that the class of states having a vanishing discord monogamy score cannot have arbitrarily
high genuine multipartite entanglement, as quantified by generalized geometric measure. In the
special case of three-qubit pure states, their classification with respect to the discord monogamy
score, reveals a rich structure that is different from that which had been obtained by using the
monogamy score corresponding to the entanglement measure called concurrence. We investigate
properties like genuine multipartite entanglement and violation of the multipartite Bell inequality
for these states.
I. INTRODUCTION
The concept of monogamy is an important binding
theme for quantum correlations [1] of states shared be-
tween several quantum systems. Monogamy arises due
to the fact that bipartite quantum correlations of states
of three or more quantum systems are usually such that
if two of the parties are highly quantum correlated, these
parties have little or no quantum correlations with any
other party [2–6]. One can assign quantum monogamy
scores corresponding to multiparty quantum systems, to
quantify their monogamous nature, or a possible viola-
tion thereof [4, 7–9]. Such scores would typically depend
on the quantum correlation measure used, and while
the entanglement measure, concurrence squared [10], was
considered in Ref. [4], the information-theoretic quantum
correlation measure, quantum discord [11], was studied
in Refs. [8, 9].
In the case when concurrence squared is used as a
measure of quantum correlations to construct the quan-
tum monogamy score, the class of states with vanish-
ing scores was identified in Ref. [4], for the case of
three-qubit pure states. They constitute the important
family of W-class states [12, 13], complementary to the
Greenberger-Horne-Zeilinger (GHZ)-class ones [13, 14].
We consider the quantum monogamy score, with the
quantum correlation measure being quantum discord,
and call it the “discord monogamy score”. For arbitrary
tripartite quantum states, we characterize the class pos-
sessing a vanishing discord monogamy score. We find
necessary and sufficient conditions for tripartite quantum
states with zero discord monogamy score. More specific
results are obtained for three-qubit pure states. In par-
ticular, while none of the genuinely multiparty entangled
W-class states have a vanishing discord monogamy score
( in stark contrast to the case when concurrence is used
as the quantum correlation measure to build the quan-
tum monogamy score), there does exist genuinely multi-
party entangled GHZ-class states having a zero discord
monogamy score. We characterize the pure three-qubit
states with zero discord monogamy score, as well as those
with negative and positive values of the same, by using a
measure of genuine multiparty entanglement, called gen-
eralized geometric measure (GGM) [15], and by using
the Mermin-Klyshko Bell inequalities [16]. Specifically,
we find that states with a vanishing discord monogamy
score can have substantially high values of genuine multi-
site entanglement. Subsequently, however, we show that
such states cannot have a maximal GGM. We also find
a relation between the bipartite entanglements of forma-
tion of a tripartite three-qubit state and its generalized
geometric measure. It may be noted here that the discord
monogamy score has been interpreted as a multiparty
information-theoretic quantum correlation measure [9],
just like the quantum monogamy score with respect to
concurrence squared has been reasoned as a multiparty
entanglement measure [4].
Below, in Sec. II, we define the measures of bipar-
tite quantum correlations that we use later in the paper.
They are respectively the entanglement of formation, the
concurrence, and the quantum discord. We subsequently
define the quantum monogamy scores in Sec. III. The
results are presented in the following section, viz. Sec.
IV, and in Sec. VII. The considerations in Sec. VII
require the introduction of a genuine multiparty entan-
glement measure, and the Mermin-Klyshko inequalities.
The generalized geometric measure is defined as a mea-
sure of genuine multisite entanglement in Sec. V, and the
Mermin-Klyshko Bell inequalities are discussed in Sec.
VI. We present a conclusion in Sec. VIII.
II. BIPARTITE QUANTUM CORRELATIONS
In this section, we define quantum correlation mea-
sures that are thereafter employed in the succeeding sec-
tions to obtain the corresponding quantum monogamy
scores. These quantum monogamy scores will be help-
ful in formulating a classification scheme for tripartite
quantum states.
2A. Entanglement of formation
The entanglement of formation of a bipartite quan-
tum state is the amount of singlets required to prepare a
state by local quantum operations and classical commu-
nication. If |ψ〉AB is a bipartite state shared between two
parties A and B, then it can be shown that entanglement
of formation is equal to the von Neumann entropy of its
local density matrix [3, 17]:
Ef (|ψ〉AB) = S(̺A) = S(̺B). (1)
where ̺A and ̺B are the local density matrices of the
combined system |ψ〉AB, obtained by performing partial
traces over subsystems B and A respectively, and S(σ) =
−tr (σ log2 σ) is the von Neumann entropy of a quantum
state σ. Entanglement of formation of a mixed bipartite
state ρAB is then defined by the convex-roof approach:
Ef (ρAB) = min
∑
i
piE
f (|ψi〉AB), (2)
where the minimization is over all pure state decompo-
sitions of ρAB =
∑
i pi(|ψi〉〈ψi|)AB. We often denote
Ef (ρAB) simply as E
f
AB.
B. Concurrence
The concept of concurrence is derived from the def-
inition of entanglement of formation and is proposed
to quantify the entanglement of two-qubit states [10].
The definition of entanglement of formation for mixed
states (see Eq. (2)) involves a minimization which is
in general not easy to perform. However, there exists
a closed form for the case of two-qubit states [10], in
terms of the concurrence, which is defined as C(ρAB) =
max{0, λ1 − λ2 − λ3 − λ4}, and often denoted below as
CAB. Here the λi’s are the square roots of the eigenvalues
of ρρ˜ in decreasing order and ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy),
with the complex conjugation being in the computational
basis. σy is the Pauli spin matrix.
C. Quantum discord
In classical information theory, there are two equiva-
lent ways to define the mutual information between two
random variables. One of the methods is by adding the
Shannon entropies of the individual random variables,
and then subtracting the same of the joint probability
distribution. The second one is to use the concept of
conditional entropies.
Quantizing these two classically equivalent definitions
of mutual information gives rise to two inequivalent con-
cepts, whose difference is termed as quantum discord [11].
Quantizing the former classical definition of mutual infor-
mation is performed by replacing the Shannon entropies
by von Neumann entropies: For a quantum state ρAB
of two parties, the “quantum mutual information” is de-
fined as [18] (see also [19, 20])
I(ρAB) = S(ρA) + S(ρB)− S(ρAB), (3)
where ρA and ρB are the local density matrices of ρAB.
Quantizing the latter classical definition of mutual in-
formation is more involved, as replacing the Shannon en-
tropies by von Neumann ones in this case will lead to a
physical quantity which can assume negative values for
some quantum states [19]. Such a shortcoming is over-
come by interpreting the conditional entropy in the clas-
sical case as a measure of the lack of information about
one of the random variable, when the other is known in
a joint probability distribution of two random variables.
This leads to the following quantization of the classical
mutual information for a bipartite quantum state ρAB:
J(ρAB) = S(ρA)− S(ρA|B), (4)
where the “quantum conditional entropy”, S(ρA|B) ≡
SA|B, is defined as
S(ρA|B) = min
{ΠB
i
}
∑
i
piS(ρA|i), (5)
with the minimization being over all rank-1 measure-
ments, {ΠBi }, performed on subsystem B. Here pi =
trAB(IA ⊗ ΠBi ρABIA ⊗ ΠBi ) is the probability for ob-
taining the outcome i, and the corresponding post-
measurement state for the subsystem A is ρA|i =
1
pi
trB(IA⊗ΠBi ρABIA⊗ΠBi ), where IA is the identity op-
erator on the Hilbert space of the quantum system that
is in possession of A.
The difference between these two inequivalent quan-
tized version of the classical mutual information is termed
as quantum discord. Also, it has be established that
the quantum mutual information is never lower than the
quantity J . Therefore, the quantum discord is given by
[11]
D(ρAB) = I(ρAB)− J(ρAB). (6)
Unlike many other measures of quantum correlations,
even separable states may produce a nonzero discord.
We often denote D(ρAB) as DAB.
III. QUANTUM MONOGAMY SCORES
The sharing of quantum correlations among subsys-
tems of a multiparticle quantum state is often con-
strained by the concept of monogamy. In the tripartite
scenario, if Q is a bipartite quantum correlation mea-
sure, then this measure is said to be monogamous (or
satisfy monogamy) for a tripartite quantum state ρABC ,
and with A as the “nodal observer”, if
Q(ρA:BC) ≥ Q(ρAB) +Q(ρAC). (7)
3Here Q(ρAB) is the quantum correlation (with respect to
the measure Q) between subsystems A and B, Q(ρAC)
is the quantum correlation between subsystems A and
C, and Q(ρA:BC) is quantum correlation between sub-
system A and subsystems B and C taken together. By
rearranging the terms in the above inequality, we get
δQ ≡ Q(ρA:BC)−Q(ρAB)−Q(ρAC) ≥ 0. (8)
This leads to the concept of quantum monogamy score,
which, for a given bipartite quantum correlation measure,
is defined as
δQ ≡ Q(ρA:BC)−Q(ρAB)−Q(ρAC), (9)
irrespective of whether it monogamous or not.
In Ref. [4], concurrence squared was used as the quan-
tum correlation measure to define a quantum monogamy
score. We denote it by δC , and call it as entanglement
monogamy score. Discord monogamy score was intro-
duced in Refs. [8, 9], and is the quantum monogamy
score when one uses the quantum discord as the quan-
tum correlation measure. We denote it as δD, and it is
defined, with A as the nodal observer, as
δD = D(ρA:BC)−D(ρAB)−D(ρAC). (10)
Interestingly, these two quantum correlation measures
(concurrence and quantum discord) have been studied
together and their opposing statistical mechanical behav-
iors are reported in Ref. [21].
IV. CONDITIONS FOR VANISHING DISCORD
MONOGAMY SCORE
In this section, we provide some general features that
are exhibited by states of vanishing discord monogamy
score. Consider a three-party quantum state, ρABC ,
which can be pure or mixed, in arbitrary dimensions.
Proposition I: For an arbitrary quantum state ρABC ,
a necessary condition for discord monogamy score to be
vanishing, with A as the nodal observer, is given by
DA:BC ≤ SA|B + SA|C . (11)
Proof. A vanishing discord monogamy score implies
2SA−DA:BC = −SB−SC+SAB+SAC+JAB+JAC , (12)
where SA denotes the von Neumann entropy of
trBC(ρABC), and similarly for the other von Neumann
entropies. Strong subadditivity of von Neumann entropy
implies
− SB − SC + SAB + SAC ≥ 0, (13)
which leads us to
2SA −DA:BC ≥ JAB + JAC , (14)
which can be further simplified to obtain the stated re-
sult. 
It may be interesting to note that the vanishing of
discord monogamy score is equivalent to the statement
that
IABC = JAB + JAC , (15)
where
IABC = SA+SB+SC−SAB−SBC−SCA+SABC (16)
is the tripartite quantum interaction information [7–9,
22].
For pure tripartite states, it is possible to obtain a
necessary and sufficient condition for vanishing of discord
monogamy score.
Proposition II: For an arbitrary pure quantum state
|ψABC〉, a necessary and sufficient condition for vanishing
discord monogamy score, with A as the nodal observer,
is
SA = SA|B + SA|C . (17)
Proof. A vanishing discord monogamy score again im-
plies Eq. (12). However, for pure three-party states,
− SB − SC + SAB + SAC = 0. (18)
Further, quantum discord for a pure state is just the local
von Neumann entropy. Hence, the proof. 
Interestingly, for symmetric pure tripartite states, the
necessary and sufficient condition reduces to
1
2
SA = SA|B. (19)
From the propositions above, it is clear that the van-
ishing of discord monogamy score is intimately related
to the sum, SA|B + SA|C , of the quantum conditional
entropies. This is particularly true for pure three-party
states. It is therefore important to have estimates of this
quantity, as finding it in closed form may sometimes be
difficult.
To obtain the bounds, let us first note that in the case
of pure three-party states, we have [5]
EfAB + JAC = SA, (20)
so that we get
DAB +DAC = EfAB + EfAC . (21)
This relation can now be used to obtain estimates on
the sum of quantum conditional entropies. In particular,
using [17]
EfAB ≤ min[SA, SB], (22)
EfAC ≤ min[SA, SC ], (23)
4we get an upper bound as
SA|B + SA|C ≤ min[SA, SB] + min[SA, SC ]. (24)
On the other hand, to obtain a lower bound, we use
the lower bound [23]
EfAB ≥ max[SA − SAB, SB − SAB, 0] (25)
EfAC ≥ max[SA − SAC , SC − SAC , 0], (26)
to have
max[SA − SAB, SB − SAB, 0]
+max[SA − SAC , SC − SAC , 0] ≤ SA|B + SA|C .(27)
V. GENERALIZED GEOMETRIC MEASURE
A multiparty pure quantum state is said to be gen-
uinely multiparty entangled, if it is entangled across all
bi-partitions of its constituent parties. Quantification of
genuine multiparty entanglement in such systems can be
obtained by using the generalized geometric measure in-
troduced in Ref. [15]. The GGM of an N -party pure
quantum state |φN 〉 is defined as
E(|φN 〉) = 1− Λ2max(|φN 〉), (28)
where Λmax(|φN 〉) = max |〈χ|φN 〉|, with the maximiza-
tion being over all pure states |χ〉 that are not genuinely
N -party entangled. It is shown in Ref. [15] that
E(|φN 〉) = 1−max{λ2A:B|A∪B = {1, 2, . . . , N},A∩B = ∅},
(29)
where λA:B is the maximal Schmidt coefficient in the A :
B bipartite split of |φN 〉.
VI. MERMIN-KLYSHKO BELL INEQUALITIES
Bell inequalities are relations that are derived to satisfy
any physical theory that is consistent with local realism
[24]. Quantum mechanics is known to violate such in-
equalities. There are a large number of such inequalities
known in the multiparty domain, and we will be using the
ones which have been called the Mermin-Klyshko (MK)
Bell inequalities [16]. A Bell operator for the Mermin-
Klyshko inequalities for N qubits, can be defined recur-
sively as [25]
Bk =
1
2
Bk−1⊗ (σak +σa′
k
)+
1
2
B
′
k−1⊗ (σak −σa′
k
), (30)
where B
′
k are obtained from Bk by interchanging ak and
a
′
k, and
B1 = σa1 and B
′
1 = σa′
1
.
The party Aj is allowed to choose between the measure-
ments σaj and σa′
j
, aj and a
′
j being two three-dimensional
unit vectors (j = 1, 2, . . . , N).
AnN -qubit state η is said to violate the MK inequality,
and hence violate local realism, if
|tr (BNη)| > 1. (31)
VII. THREE-QUBIT SYSTEMS
In this section, we find further properties of states
with zero discord monogamy score, where we specialize
to the case of three-qubit pure states. Genuinely entan-
gled three-qubit pure states are known to have an im-
portant classification in terms of transformability under
stochastic local quantum operations and classical com-
munication. They form respectively the GHZ and the W
classes [13]. The concept of quantum monogamy score,
where concurrence squared is used as the quantum cor-
relation measure [4], also leads to a classification. How-
ever, these classifications are one and the same: W-class
states are those for which the entanglement monogamy
score is zero, and GHZ-class states are those for which the
same is positive, there being no three-qubit pure states
with a negative entanglement monogamy score [4]. Dis-
cord monogamy score however leads to a richer structure
in the same space. First of all, there are pure three-
qubit states that have negative, zero, and positive scores.
Moreover, the negative region is occupied by both states
from the GHZ and W classes, with the positive region
covered by GHZ-class states only. Also, there are no
genuinely tripartite entangled states of the W-class that
have zero discord monogamy score [8, 9, 26].
Tripartite pure states that are not genuinely mul-
tiparty entangled, certainly have a vanishing discord
monogamy score. This is because such states are bi-
separable (or maybe even tri-separable), and so are of
the form |ψ1A〉 ⊗ |ψ2BC〉 or |ψ1B〉 ⊗ |ψ2AC〉 or |ψ1C〉 ⊗ |ψ2CA〉.
Therefore, δD = 0 with any of the options, and with any
observer as the nodal observer.
Therefore, barring the cases when there is no genuine
tripartite entanglement, all three-qubit pure states hav-
ing zero discord monogamy score, are within the GHZ
class. An arbitrary GHZ class state (unnormalized) can
be written as [13]
|ψGHZ〉 = cos θ|000〉+ exp(iκ) sin θ|φ1φ2φ3〉, (32)
up to local unitaries, where |φj〉 = cosαj |0〉 + sinαj |1〉
(j = 1, 2, 3). Here θ ∈ (0, π/4], κ ∈ [0, 2π], and
αj ∈ (0, π/2]. An important family of states within
the GHZ class are those for which the |φj〉s are equal:
they are symmetric GHZ-class states. In that case, let
α1 = α2 = α3 = α, and let the corresponding states be
denoted by |ψsGHZ〉. Let us begin by considering the ex-
plicit equation characterizing the δD = 0 states within
this class of symmetric states. The concurrence of any of
the two-party states, obtained by tracing out one party
from |ψsGHZ〉, is given by [10]
C =
√
λ1 −
√
λ2, (33)
5where
λ1 = (a+ b)c
λ2 = (a− b)c (34)
with a = 3 + cos(2α), b = 16 cosα cos2 θ and c =
sin4 α sin2(2θ)
8(1+cos3 α cosκ sin(2θ))2 . The entanglement of formation of
the same two-party state then reduces to [10]
Ef = H(h) ≡ −h log2 h− (1− h) log2(1 − h), (35)
where
h =
1 +
√
1 + C2
2
. (36)
The surface of states with a vanishing discord monogamy
score is then given by
2H(h) = H(e1), (37)
where e1 is an eigenvalue of a single-particle density ma-
trix of |ψsGHZ〉. This surface is depicted in Fig. 1. To
FIG. 1. (Color online.) The surface in the (θ, α, κ)-space
for |ψsGHZ〉 with zero discord monogamy score. Certainly, the
faces θ = 0 and α = 0 of the parameter space cube have a zero
discord monogamy score. However, they are not genuinely
multiparty entangled. The remaining δD = 0 state points
lie on the plotted surface, that partitions the parameter cube
into two parts. Moreover, the state points that are within the
plotted surface and the α = 0 face have a negative discord
monogamy score, while those on the other side of the plotted
surface have δD > 0. All axes are dimensionless.
have a feel for the extent to which the states become neg-
ative and positive in the δD 6= 0 zones, we plot δD on a
path from the middle of the α = 0 face to that of the
α = π/2 face. See Fig. 2.
Interestingly, unlike the W-class states, the GHZ-class
states with δD = 0 can have a nonzero genuine multipar-
tite entanglement. We quantify genuine multisite entan-
glement by the generalized geometric measure [15]. See
Fig. 3. It is clear from Fig. 3, and by analyzing similar
figures for different values of κ, that for a given κ, GGM
is largest for θ = π/4 among the δD = 0 states. In Fig. 4,
we plot the GGM for symmetric GHZ-class states against
0 Π
16
Π
8
3 Π
16
-0.0010
-0.0005
0.0000
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FIG. 2. (Color online.) Discord monogamy score against
α for fixed values of θ and κ for the symmetric GHZ-class
states. A straight line path beginning at (θ, α, κ) = (0.4, 0, 1)
and ending at (θ, α, κ) = (0.4, 1.57, 1) is considered, and the
discord monogamy score is found at each point of this path.
Clearly, the plotted curve must begin at the origin of the
(α, δD) plane, as the state point corresponds to a tri-separable
state there. It then becomes negative, only to come back to
zero, which corresponds to a point on the δD = 0 surface
plotted in Fig. 1. Subsequently, the curve enters the δD > 0
half-plane, and remains there, to reach the “generalized GHZ
state” [14] on the α = pi/2 face. For ease of viewing, we have
cropped the α-axis at about α = 3pi/16. Beyond that, the
curve is monotonically increasing. While the horizontal axis
is dimensionless, the vertical one is measured in bits.
FIG. 3. (Color online.) GGM of symmetric GHZ-class states
is plotted on the vertical axis, with respect to α and θ, for
κ = 0.2. The white curve lying on the GGM surface, depicts
the state points with δD = 0. The curve starts off with a zero
GGM on the α axis. However, before reaching the other end,
on the θ = pi/4 line, nonzero genuine multisite entanglement
is obtained on the δD = 0 curve. All axes are dimensionless.
Although we have presented the plot for a definite value of κ,
other values of κ leads to qualitatively similar features, except
that higher values of GGM are obtained when the δD = 0
curve reaches the θ = pi/4 line, for higher values of κ. See
Fig. 4 in this regard.
α and κ, for θ = π/4. We find that the largest value of
GGM that is obtained from among the δD = 0 states is
≈ 0.33.
6FIG. 4. (Color online.) GGM of symmetric GHZ-class states
is plotted on the vertical axis, with respect to α and κ, for
θ = pi/4. The white curve depicts the state points with δD =
0. All axes are dimensionless.
It may also be interesting to know the status of viola-
tion of local realism of the symmetric GHZ-class states,
with respect to their value of discord monogamy score. It
is known that the GHZ state [14] maximally violates the
so-called Mermin-Klyshko Bell inequality, and therefore
it is reasonable to consider this multipartite Bell inequal-
ity to look for violation of local realism of the symmetric
GHZ-class states. The average of the MK operator for
the symmetric GHZ-class states is given by
BMK ≡ tr(B3|ψsGHZ〉〈|ψsGHZ |)
= 4 sinα3 sin θ[cos ν(cos θ cosκ+ cosα3 sin θ)
+ cos θ sin ν sinκ] (38)
The MK inequality will be violated if |BMK | > 1. In Fig.
5, we plot the region of the parameter space in which the
Mermin-Klyshko inequality, for ν = 0, is violated. We
find that the region of violation is submerged in the δD >
0 region. In particular, the Bell inequality employed here
is not violated by the δD = 0 states. However, we find
that this is not a generic feature for the class of states
with δD = 0, as we shall see below.
Until now, we have been examining the set of symmet-
ric GHZ-class states. There are however δD = 0 states
which are non-symmetric. To look into the behavior of
such states, we consider a path that starts off from a non-
symmetric GHZ-class state with a high value of GGM,
but low negative value of δD. The path henceforth con-
nects to the GHZ state, and is described by the following
(unnormalized) state.
|ψGHZpath (µ)〉 = cosµ|φGHZ〉+ sinµ|GHZ〉. (39)
Here, |φGHZ 〉 is the non-symmetric GHZ-class state. It
corresponds to θ = 0.7, κ = 3.06, and (α1, α2, α3) =
(0.55, 0.56, 0.63) in Eq. (32). And the GHZ state (un-
normalized) is given by |GHZ〉 = |000〉+|111〉. Note that
µ ∈ [0, π/2]. For µ = 0, the state on the path is |φGHZ 〉,
and as mentioned before, it has a relatively high GGM,
while having a low negative δD. At the other extreme,
FIG. 5. (Color online.) Violation of Mermin-Klyshko Bell in-
equality for symmetric GHZ-class states. All axes are dimen-
sionless. All depictions are as in Fig. 1, except for the octant-
shaped region depicted near the (θ, α, κ) = (pi/4, pi/2, 0) cor-
ner.
i.e. for µ = π/2, we have the GHZ state, which has the
maximal GGM, and δD = 1. As shown in Fig. 6, there
are three values of µ for which δD = 0 for µ ∈ [0, π/2].
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FIG. 6. (Color online.) Tracking the value of discord
monogamy score as we go along the path described by
|ψGHZpath (µ)〉. We also plot the GGM and the violation of the
Mermin-Klyshko Bell inequality (for ν = 0), with respect to µ.
The horizontal axis is dimensionless. The vertical axis is also
dimensionless for the GGM and the Bell inequality violation
curves, while it is in bits for δD. For the Bell inequality viola-
tion curve, the plotted quantity is
∣
∣〈ψGHZpath (µ)|B3|ψ
GHZ
path (µ)〉
∣
∣.
An interesting revelation is that the δD = 0 states, corre-
sponding to the second and third crossings of the δD curve
with the horizontal axis, violate the MK Bell inequality.
As another example of such a path, we consider the
one that starts from a non-symmetric W-class state that
has a high value of GGM and negative δD. The path then
again connects to the GHZ state, so that the three-party
(unnormalized) quantum state describing it is given by
|ψW→GHZpath (τ)〉 = cos τ |φW 〉+ sin τ |GHZ〉, (40)
7where |φW 〉 is the non-symmetric W-class state, given by
|φW 〉 = sin θ1
2
sin
θ2
2
cos
θ3
2
exp(iφ1)|001〉
+sin
θ1
2
sin
θ2
2
sin
θ3
2
exp(iφ2)|010〉
+sin
θ1
2
cos
θ2
2
exp(iφ3)|100〉
+cos
θ1
2
|000〉 (41)
θ1 = 3.25, θ2 = 4.38, θ3 = 11.02, φ1 = 4.16, φ2 = 3.98,
φ3 = 2.45. The parameter τ lies in [0, π/2]. For τ = 0,
the state on the path has a relatively high GGM, and
a negative δD, while at the other end, for µ = π/2, we
have the GHZ state, which has the maximal GGM, and
δD = 1. As shown in Fig. 7, there is a unique τ for which
δD = 0 for τ ∈ [0, π/2].
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FIG. 7. (Color online.) Discord monogamy score and other
state functions along the path described by |ψW→GHZpath (τ )〉.
The horizontal axis is dimensionless. The vertical axis is also
dimensionless for the GGM and the Bell inequality violation
curves, while it is in bits for δD. All other considerations,
except for the chosen path, are the same as in Fig. 6.
One of the instruments that we have been using to
characterize the states with a zero discord monogamy
score is amount of genuine multisite entanglement that
they possess, as quantified by the generalized geometric
measure. And we have found that relatively high values
of GGM can be reached by the δD = 0 states. In Propo-
sition III below, we show however that a maximal GGM
is inaccessible to δD = 0 states.
Proposition III: For an arbitrary three-qubit pure state
|ψABC〉, δD(|ψABC〉) = 0 implies that E(|ψABC〉) < 12 .
Proof. Let us suppose that there exists a pure state with
δD(|ψABC〉) = 0, having E(|ψABC〉) = 12 . That the GGM
reaches 1/2, implies that the eigenvalues of any of the lo-
cal density matrices are {1/2, 1/2}. In particular, this
implies that the state is symmetric. Also, the single-site
as well as two-site von Neumann entropies are of value
unity. This implies that the two-site density matrices of
this three-qubit pure state are rank-2 Bell mixtures of
two Bell states with equal probabilities. Now an equal
mixture of two Bell states is a zero-discord state. How-
ever, since the single-party von Neumann entropies are
of value unity, we have δD = 1. This is a contradiction.
Hence, the proposition. 
Remark. We have generated 106 random three-qubit pure
state points and find that the GGMs of these states with
δD = 0 are in fact bounded above by 0.35. Note also
that the proof of Proposition III also implies that states
with a negative discord monogamy score must have GGM
< 1/2. Independently, we can show that there are three-
qubit pure states with a positive discord monogamy score
that have maximal GGM.
Proposition IV: The bipartite entanglements of forma-
tion of an arbitrary three-qubit pure state ψABC〉 with
δD(|ψABC〉) = 0, with A as the nodal observer, are re-
lated to the genuine multipartite entanglement measure
E as
EfAB + E
f
AC ≥ H(E). (42)
For symmetric states, we have an equality in the above
relation.
Proof. δD(|ψABC〉) = 0 =⇒ EfAB + EfAC = SA =
H(λA), where λA is the maximum eigenvalue of the
single-site local density matrix ̺A of |ψABC〉. Now
E(|ψABC〉) ≤ 1 − λA, and both are ≤ 1/2. By the
well-known properties of the Shannon entropy, we have
H(E) ≤ H(1−λA) = H(λA). Hence the relation (42). If
the state is symmetric, we have E = 1− λA. Hence, the
proposition. 
VIII. CONCLUSION
Summarizing, we have characterized tripartite quan-
tum states by using monogamy properties and violation
of the same of quantum discord. We have employed
the concept of quantum monogamy score correspond-
ing to quantum discord, which we have called discord
monogamy score, for this purpose. We have been par-
ticularly interested in the class of states having a zero
quantum discord monogamy score. We found a neces-
sary condition for vanishing discord monogamy score for
arbitrary (pure and mixed) states in arbitrary dimen-
sions. For pure states, we derived a necessary and suf-
ficient condition. Specializing to the case of three-qubit
pure states, multipartite entanglement measures as well
as multipartite Bell inequalities have been used to de-
scribe different classes of states according to their discord
monogamy scores. In particular, we have investigated the
relation between discord monogamy score and a genuine
multipartite entanglement measure for three-qubit pure
states.
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